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Abstract. This paper presents DisAC-9, the first optimal distributed algorithm
performing the arc-consistency of a constraint network. Our method is optimal
according to the number of message passing operations. This algorithm can firstly,
give speed-up over the fastest central arc-consistency algorithms; secondly, achieve
the fast processing of distributed constraint satisfaction problems (DCSP). Experi-
mental results include classical benchmark and large hard randoms problems. These
results allow us to show that the phase transition phenomenon of distributed arc-
consistency is closely related to the granularity of the distributed system. The
consequences of this analysis are showed to be very important for the future of
distributed constraint satisfaction.
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1. Introduction

The constraint satisfaction problem (CSP) is a powerful framework
for general problem solving. It involves finding a solution to a con-
straint network, i.e., finding one of d values for n variables subject
to constraints that are restrictions on which combinations of values
are acceptable. It is widely used in Artificial Intelligence (AI), with
applications ranging from machine vision to crew scheduling and many
other fields (see [21] for a survey). Since it is an NP-complete task,
many filtering techniques have been designed. These methods reduce
the problem search space by pruning the set of possible values. Owing to
their reasonable complexities, arc-consistency algorithms which detect
and eliminate inconsistencies involving all pairs of variables are widely
used [19].

In the last few years, the distributed constraint satisfaction (DCSP)
paradigm emerges from the necessity of solving distributed AI prob-
lems. These distributed problems are more and more crucial because of
the wide distribution of information allowed by Internet facilities. As
a result, several authors tried to bring classical CSP procedures to the
distributed framework [22, 10, 9, 8].

More relevant works on distributed arc-filtering were brought by P.
R. Cooper and M. J. Swain who proposed in [4] two massively parallel
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2 Youssef Hamadi

(nd processes) versions of AC-4 [14]. More recently, T. Nguyen and
Y. Deville [17] distributed AC-4 in a more realistic scale thanks to a
granularity varying from 1 to n process(es).

Nevertheless, these works do not address the real difficulty of dis-
tributed systems which is the complexity of message passing opera-
tions. S. Kasif who has studied the complexity of parallel relaxation
[13] concludes that discrete relaxation is inherently a sequential pro-
cess. This means that due to dependencies between deletions, a dis-
tributed/parallel algorithm is likely to perform a lot of messages since
it is likely to perform in a sequential fashion.

We have learned from all the previous works and focused our work on
message passing reduction. The DisAC-9' algorithm we propose here
is optimal in the number of message passing operations. This major
improvement over the previous results was made possible by the ex-
ploitation of the bidirectionality property of constraint relations which
allows agents to induce acquaintances deletions. Since bidirectionality
is a general property of constraints, DisAC-9 is a general purpose algo-
rithm. Its worst time complexity is O(n2d®) which allows us to reach
optimality in message operations, nd. According to that, our method
can achieve the fast processing of DCSPs and even give major speed-up
in the processing of large CSPs.

The paper is organized as follows. We first give background about
constraints, arc-consistency and message passing in section 2. Section 3
presents related works. Then we present the centralized algorithm AC-
6. Next we introduce our distributed algorithm, DisAC-9. Theoretical
analysis follows in section 6. Before concluding, we present experimental
results in section 7.

2. Definitions

2.1. CONSTRAINT AND ARC-CONSISTENCY BACKGROUND

A binary CSP, P = (X,D,C) involves, X a set of n variables {i,7,...},
D = {D;,Dj,...} where each element is a variable’s domain, C the
set of binary constraints {Cjj,...} where Cj; is a constraint between
i and j. Cjj(a,b) = true means that the association value a for ¢ and
b for j is allowed. A solution to a constraint satisfaction problem is
an assignment of the variables in a way that all the constraints are
satisfied. A constraint network (CN) G = (X,C) can be associated to
any binary CSP.

! DisAC-9, because our algorithm is not a distributed version of AC-6, AC-7 or
AC-8.
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Each element of a domain represents a wvalue. A label (i,a) is the
assignment of the value a to the variable i. It is supported by a value
b along Cj; iff Cij(a,b) = true, b is called a support for a along Cj;.
The value a is also a support for b along Cj;. A value a from D; is
viable iff VC;;, there exists a support b for a in D;. The domain D of a
constraint network is arc-consistent for this CN if for every variable 4,
all values in D; are viable. The maximal arc-consistent domain Dmaz-
AC of a constraint network is defined as the union of all domains
included in D and arc-consistent for this CN. This maximal domain is
also arc-consistent and is computed by an arc-consistency algorithm.

2.2. DISTRIBUTED CONSTRAINT SATISFACTION BACKGROUND

A binary distributed CSP, P = (X,D,C, A) involves a binary CSP,
(X,D,C) partitioned among A, a set of p autonomous agents (1 < p <
n). Each agent owns the domains/constraints on its variables. An agent
that owns the variable ¢ owns D; and all the binary constraints C;;.

We assume the following communication model [22]. Agents com-
municate by sending messages. An agent can send messages to other
agents iff he knows their addresses in the network. For the transmission
between any pair of agents, messages are received in the order in which
they were sent. The delay in delivering messages is finite.

For readers unfamiliar with exchanges in distributed systems, we
present in table I the real data transmission costs for several parallel
computers [5]. In local area networks (LAN), these costs are orders of
magnitudes larger. These values were computed in an empty communi-
cation network, which means that they are lower bounds values. In real
systems, the more you send messages, the longer the transmissions.

Table I. The real cost of message passing operations

iPSC nCUBE/10 iPSC/2 nCUBE/2 iPSC/860 CM-5

T, [us/msg] 4100 400 700 160 160 86
T, [pus/byte] 2.8 2.6 0.36 0.45 036  0.12
Ty, [us/fop] 25 8.3 3.4 0.50 0033  0.33

The row Ty represents the start-up cost of a message, T}, is the
cost per byte. We give T, as a reference point, which is the cost of
one floating point operation on each machine. Each message reception
incurs a cost, generally this cost is similar to Ts. So the estimated cost
for a message m is, > 2 x T + |m/| * T.
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These measures show that message passing is critical. Qur work
considers for discrete relaxation the reduction of message passing op-
erations.

3. Previous works

We emphasize previous works related to distributed arc-filtering here.
We do not present works which use the PRAM machine model like
[20] because this model is not representative of the current computing
facilities which all use the message passing paradigm. We also do not
present works which are not based on optimal central method [18]. In
table II we summarize the main features of 3 methods. These methods
propose a distributed implementation of the AC-4 sequential algorithm.
The #ps column gives the granularity, first step gives the complexity
of the first step of the method since these are two step procedures like
the central AC-4. Then, complezity gives the method full complexity
and #msg the number of message passing operations required in the
worst case scenario.

A distributed algorithm is local, if its messages transmissions are
limited, i.e. its transmissions do not involve the whole processes. This
definition of locality is sufficient for our needs. For a comprehensive
work on locality in distributed systems, see [16]. The column local
specifies whether a method is local or not.

Table II. Distributed arc-consistency algorithms

Algo. #ps first step complexity #msg local
AC Chip nd nd O(nd) - -
ACP nd nd O(nd log,(nd)) n’d*> mo

DisAC-4 1<p<n (n*d®)/p O((n?d?®)/p) 'nd” no

AC Chip This algorithm presented in [4] defines a VLSI circuit. It
uses a very fine granularity and it does not use explicit message passing
operations. Both allows a rather good complexity. Nevertheless it would
need O(n2d?) initializing steps for loading the network in the digital
chip. This work is related to the “hardware for AI” stream which adapt
computers architecture to problem solving (e.g. [11]).

ACP This is the software version of the previous algorithm [4]. It uses
nd synchronous processes which communicate by message operations.
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Each message is sent with O(logy(nd)) steps and is received by the
whole processes. The method is not local.

DisAC-4 This coarse grain method uses p processes [17] sharing an
Ethernet network. This allows “efficient” broadcasting of messages be-
tween processes. Nevertheless, this brings to an underlying synchronism
since “collision networks” cannot carry more than one message in a
given time. If we consider a more realistic framework for the method,
each broadcast requires p messages which brings to n?d messages.

4. The arc-consistency algorithm AC-6

We briefly describe here Bessiere’s AC-6 algorithm [1]. This method
introduces a total ordering between values in each domain, it computes
one support (the first one) for each label (i,a) on each constraint Cj;.
That to make sure of the current viability of (i,a). When (j,b) is
found as the smallest support of (i,a) on Cjj;, (i,a) is added to Sj
the list of values currently having (j,b) as smallest support. Then, if
(4,0) is deleted, AC-6 looks for a new support in D; for all values in
Sjp. During this search, the method only checks values greater than
b. The algorithm incrementally computes a support for each label on
each constraint relation in O(n?d?). On average cases, it performs fewer
checks than AC-4 whose the initialization step globally computes and
stores the whole support relations.

In the following, we adapt this incremental behavior to our dis-
tributed framework, moreover we drastically improve efficiency by reach-
ing optimality in the message transmissions.

5. The distributed arc-consistency algorithm DisAC-9

The key steps of this new distributed algorithm are the following. Ac-
cording to local knowledge, each agent that owns a set of variables starts
computing inconsistent labels. After this computation, selected labels
are transmitted. This means that only the deleted labels that induce
new deletions are sent to an acquaintance. After this initializing step,
each agent starts the processing of incoming messages. These messages
will modify its local knowledge about related acquaintances. This will
allow it to update support information for its labels. Obviously, this
can lead to new deletions and maybe to new outcoming messages. Since
communications occurs between acquaintances agents, DisAC-9 is local
(see section 3).
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5.1. MINIMAL MESSAGE PASSING

Constraints bidirectionality allows agents to partially share acquain-
tances knowledge: since Cjj(a,b) = Cj;(b,a), an agent owning 7 but not
owning j knows any Cj; relations. This knowledge can be used to infere
over acquaintances deletions.

More generally, agent-1 currently deleting (i,a) computes for any
acquaintance agent-2, labels (j,b) having (i,a) as support. If another
local value (7,a’) can support (4,b), it is useless to inform agent-2 for
(,a) deletion. Otherwise, agent-2 must delete (j,b) as an outcome of
the deletion of (7,a). It must be informed of the local deletion.

5.2. A COMPLETE EXAMPLE

Figure 1 illustrates this aspect on a particular DCSP. In this problem,
two agents share a constraint Cjo. The constraint relation is represented
in the left part of the figure by the micro-structure graph. In this graph,
allowed pairs of values are linked. In the right part, we represent the
support relation computed by the two agents. An arrow goes from value
a to value b if b is the current support for a.

agent-1 agent-2 agent-1 agent-2

el | Aol |

be l —e a D el a
e b - b

Co—1— | C o |

d —t—1" ¢ det—1" ¢

X1 X2 X1 X2
@ (b)

Figure 1. Message minimizing in a DCSP

For agent-1, support lists are the following, So, = {(1,a)}, So =
{(1,b),(1,¢)} and Sy = {(1,d)}. The second agent, agent-2 computes
S1a ={(2,0)}, S1 ={(2,0)}, S1c = {(2,¢)} and 14 = {}.

An extra data structure is used during the message minimization
process. first;[i]la] = b tracks that according to Cjj, (4,0) is the first
label supporting (i,a) in D;. The first table of agent-1 contains the
following values, firsts[l][a] = a, firsto[l][b] = b, firste[l][c] = b,
firste[1][d] = c. For agent-2, firsti[2][a] = a, firsti[2][b] = b and
first1[2][c] = c.

Assuming the removal of (1,c¢) (due to an incoming event) let us
consider the notification of agent-2 about this deletion. We can just
consider in Dy values greater or equal to firsts[l][c]|, the first support
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for (1, c). Among these values, we must check those possibly supported
by (1,¢). We find (2,b) and (2,¢). For (2,b) we determine (1,b) as a
possible support and for (2,¢) we find (1,d). According to these local
computations, agent-1 states that any message about (1,c¢) deletion
is useless. Such a message could update the agent-2 knowledge but it
cannot lead to further domain reductions.

Now assuming the loss of (1,b), we detect that (2,b) must be deleted
by agent-2 since there are no more supports in D;. Hence, we must send
deletion information to agent-2. But if we only inform for (1,b) deletion,
agent-2, by considering Sy, will compute (1,c¢) as the new support for
(2, b) since it assumes that (1,c) is still viable. A solution is to inform
for all previous deletions. In this example, agent-1 informs in the same
message for deletions of (1,b) and (1,c). As a result agent-2 will delete
(2,b) but it will not inform for this deletion agent-1 since the agent
knows that (1,b) was deleted. It will remove (2, c) from Si. and add it
to Sld-

This example shows that by performing more local computations,
an agent can prevent outcoming messages. This balance between local
work and message transmissions is quite interesting in a distributed
environment (see table I).

5.3. ALGORITHM

After this illustration, we present the related algorithm. Our distributed
system contains 1 < p < n autonomous agents (cf. 2.2) (plus an extra
agent performing termination detection see section 6).

The knowledge of agent k£ (1 < k < p) is represented/handled by
the following data structures/primitives.

Data structures

— Acquaintances, agents sharing constraints with & are referenced in
this set

— localVar, this set stores the variables for k
— local D; this set stores the current domain of ¢ (Vi € local Var)

— local M; boolean state vector, keeps tracks of deleted values from
the initial domain D; (Vi € localVar)

— linkedVar, this set stores the non local variables which are linked
to local variables by a constraint relation

linkedVar={i € X, tq i ¢ localVar and 3j € localVar tq Cj; € C}
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— linkedM; boolean state vector, keeps track of external variables
deleted labels, (Vi € linkedVar)

— A set of lists, Sj, = {(4,a)|a € D; and b is the smallest value in D,
supporting (i,a)}

— first an integer table, first;[i][a] = b tracks that according to Cjj,
(7,b) is the first label supporting (7, a)

— localList, extList, these lists store the deleted labels, the second
one is used for external propagation

— sendSet, vector of sets, stores outcoming deletions informations

— inform, boolean table, informgc[i] means that acc has been se-
lected for local D; transmission

Constant time primitives

affected(j) returns the acquaintances that owns the variable j.
owns(A,i) returns true if agent A owns the variable 4

— higher(D) returns the last element of the domain D. if D = ()
returns —1. nezt(a,M), M is a state vector, returns the smallest
indice ind, greater than a | M[ind]=true

— get(S) returns the first element from S. addTo(S,a) inserts a in S.
emptyP(S) returns true if S is empty

— localDUpdate(i,a) this primitive realizes severals important up-
dates. It removes the value a from localD; then it stores this
deletion in local M; (local M;[a] < false). After performing these
updates, the method checks the size of localD;. If (localD; =
(), a stop message is broadcasted to the whole processes and
termination occurs with the detection of problem inconsistency

Message passing primitives
— getMsg() blocking instruction, returns the first incoming message

— broadcast(m, P) the message m is broadcasted to processes in the
set P, it uses O(loga(|P| + 1) operations
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Algorithm 1: DisAC-9 main

begin

localList < 0; extList < 0
for each ¢ € localVar do
1 localD; < D;
2 L for each a € D; do localM;[a] + true; S;q < 0
for each j € linkedVar do
3 for each a € D; do linkedM; [a] < true; Sjq < 0
4 for each ¢ € localVar do
| for each a € D; do first;[i][a] + 0
%
% first step, init. supports
for each arc (i,5) | i € localVar do
for each a € localD; do
b+« 0
5 nextSupport(j,:,a,b,emptySupport)
if emptySupport then
6 localDUpdate (%,a)
7 addTo (localList, (i, a))
8 addTo (extList, (i,a))
else
9 L addTo (S;s, (i,a))
10 if j € linkedVar then first;[i][a] < b
% internal and external propagations
11 processLists (localList, extList)
%
% second step, interactions
termination < false
while !termination do
12 m < getMsg()
switch m do
13 case stop
L termination < true
14 case deletedLabels:set
while 'emptyP(set) do
15 (4, M;) < get(set)
for each a € D; do
16 if linkedM;[a] # Mj[a] then
17 linkedM;[a] < false
18 addTo (localList, (j,a))
19 | processLists (localList, extList)
end

Each agent starts with a call to the main procedure (see algo. 1).
This procedure has two steps. In the first one, agent’s knowledge allows
the filtering of local domains. For each local variable ¢, each value a
in local D; is checked for viability. To achieve this test, agent looks for
support for each related constraint Cj;. The neztSupport procedure (see
algo. 3) looks for the first support according to Cj;. If this procedure
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Algorithm 2: DisAC-9 processLists

Algorithm: processLists(in-out: localList, extList)

begin

1 for each j € Acquaintances do

for each i € localVar | 3k € linkedVar and owns(j,k) and C;; do
2 | inform;[i] < false
3 while femptyP(localList) do

(4,€) < get(localList)
4 deletionProcessing (j,e)

while 'emptyP(extList) do
5 (j,e) « get(extList)
6 selectiveSend (j,e,sendSet)
7 for each j € Acquaintances do
| if sendSet; # () then broadcast (j,deletedLabels : sendSet;)

end

Algorithm 3: DisAC-9 nextSupport

Algorithm: nextSupport(in: j,i,a; in-out: b; out: emptySupport)
begin
if b < higher(D;) then
2 if j € localVar then stateVector < local M;
else stateVector « linkedM;
3 while !stateVector[b] do b++
emptySupport < false
4 while !emptySupport and !C;;(a,b) do
L if b < higher(D;) then b < next (b, stateVector)
else emptySupport < true

[

else emptySupport < true

end

Algorithm 4: DisAC-9 deletionProcessing

Algorithm: deletionProcessing(in: j,e; in-out: local List,extList)

begin
while !emptyP(Sjc) do
(i,a) < get(Sje)
1 if a € localD; then
c—e+1
nextSupport (j, ¢, a, ¢, emptySupport)
if emptySupport then
localDUpdate (i,a)
addTo (localList, (i, a))
addTo (extList, (i,a))
else
addTo (Sjc, (i,a))
5 L if j € linkedVar then first;[il[a] < ¢

B wN

end
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Algorithm 5: DisAC-9 selectiveSend

Algorithm: selectiveSend(in : (4,a); in-out : sendSet)

begin
1 for each arc (i,5) | j € linkedVar do
2 acc < affected(y)
3 if linformgacc[i] then
4 b « first;[i][a]

endD; < false

selected < false

while !selected and !endD; and b < higher(D;) do
6 if linkedM;[b] and C;;(a,b) then

endD; « false

other Support < false

(5]

a «0
7 while lother Support and 'endD; and o' < higher(localD;)
do
8 if localM;[a'] and C;j(a’,b) then otherSupport <«
true
else

next(a’,local D;)

if o’ < higher(localD;) then a
else endD; < true

9 | if lother Support then selected < true
10 if b < higher(D;) then b < next(b, D;)
| else endD; < true
11 if selected then
12 addTo (sendSetqce, (i, local M;))
13 informaceli] < true

end

returns with emptySupport=false, then b is the first support for (i, a)
in D;. We can add (i,a) to local support list S;, and update first for
later use (lines 9 and 10). Otherwise, (i,a) is non-viable. A call to
localD Update (line 6) removes this label and test for domain wipe-out.
Then the deletion is stored in both localList and extList (lines 7,8).

At the end of this initialization step, the main procedure processes
deletions by calling processLists (see line 11). This procedure first, uses
localList for the local propagation of deletions. This is done by calling
the deletionProcessing procedure (see algo. 4) for each deleted label
(4, €). This algorithm, removes labels (¢, a) from S, then for each viable
one (a € localD;), a call to nextSupport looks for a new support (7, c)
greater than (j,e). If such a new support is found, (7,a) is added to
Sjc. Otherwise, the procedure updates localD; and stores (i,a) in both
localList and extList (lines 2,3,4).

After these local propagations, processLists considers each locally
deleted label from extList. For each label (j,e), a call to selectiveSend
allows the agent to find which acquaintances to inform.

ConstrDisAC.tex; 28/09/2001; 11:04; p.11



12 Youssef Hamadi

The selectiveSend procedure implements the previously detailed min-
imizing. While considering the deleted label (7, a), it finds for each non
local variable j such that Cj; exists, the acquaintance acc that owns
j (see line 2). Then, if acc has not be previously selected for local D;
transmission (in formec[i] = false), it considers labels (7, b) supported
by (i,a). Otherwise it is useless to check local D; transmission to acc.

We start the exploration of these labels by checking the current
support of (i,a) (first;[i]la]) since it is useless to consider previous
labels (line 4). Two booleans are used, endD; is used to stop checking
against j values, selected is set to stop checking against acc.

Among j values, we can restrict to viable ones (linkedM;[b]=true)
(line 6). Then if C;;(a,b) holds true, the procedure looks for another
possible support (i,a’). If there is no (i,a’) label such that C;;(a’,b),
acc is selected for message transmission (line 9). We add the pair
(i,local M;) in sendSetqe.. This inclusion of the current domain of %
allows the transmission of previously non informed labels deletions. Of
course this can lead to long messages but sizes are not prohibitives
comparing to start-up/reception costs? (see table I).

After these computations, processLists respectively addresses its send-
Set set to each acquaintance (line 7).

The second step of the main procedure allows agents to revise their
knowledge according to incoming messages (line 12). There are two
kinds. The stop messages which stop the processing. These messages
can result from both a domain wipe-out (see localDUpdate primitive)
or can be addressed by an extra agent, called System. This agent is
in charge of global termination detection. In our system, we use a
global state detection algorithm [2]. So global termination occurs with
a domain wipe-out or when the p agents are waiting for a message and
when no message transits in the communication network.

The processing of incoming deletions messages (deletedLabels:set)
starts with line 14. Remember that agents receive a set of pairs (j, local D).
They temporary store these pairs in (j, M;). Then by comparing their
local beliefs stored in linked M; and the new reported situation they can
detect new deletions (line 16). Agents store these new deletions and add
them in their own localList. After considering the whole incoming set, a
call to processLists allows the local propagation of externals deletions.

? In [7] we present discrete relaxation with both optimal number and optimal size
of messages.
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6. Analysis

6.1. COMPLEXITIES

The worst time execution of a distributed algorithm occurs when it
proceeds with a sequential behavior. With our DisAC-9, this occurs
when only one value is deleted at a time. This leads to nd successive
deletions between p = n processes. In O(nd?) our selectiveSend proce-
dure allows the detection of the unique outcome of each deletion. While
receiving a deletion message each agent updates linkedM[j] in O(d),
then processLists leads to one call to deletionProcessing. The Sj, list
contains exactly one label and neztSupport uses O(d) steps in search of
a new support. So each deletion conducts to O(nd? + d) constant time
operations. Since there are O(nd) successive deletions, the overall time
complexity is O(n%d®) with exactly nd point-to-point messages.

With n variables, each one using d values, each agent data structure
uses O(nd) space. Since there are n agents in the worst case, the total
space requirement is O(n%d).

6.2. CORRECTNESS AND MESSAGE PASSING OPTIMALITY

We present here the main steps of the complete proofs (see [7] for
details).

For correctness we must ensure at the termination,

(i) Ya € local Dj, (i,a) € Dmaz-AC, this can be achieved by consid-
ering the deletions made by the algorithm.

(ii) V(4,a) € Dmaz-AC, a € local D;, suppose that a current deletion
(7,b) is in Dmaz-AC, then, an inductive proof which supposes that all
the previous deletions are out of Dmaz-AC, gives (j, b) out of Dmaz-AC.

For optimality, we must show that,

(i) each deletedLabels message induces at least a label deletion for the
receiver. This is exactly what is checked by the selectiveSend procedure.

(ii) each label deletion made during the interactions step is the
outcome of an incoming deletedLabels message. We can observe that
during the second step, deletions are made by deletionProcessing which
is called by processLists which is always called for the processing of a
deletedLabels message.

6.3. TERMINATION

Termination is detected by the System agent, this agent performs a
classical global detection state algorithm [2]. In our system, it detects
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a situation where each agent is waiting for an incoming message and
no message transits between agents. Domain wipe-out is another case
of algorithm termination (see localD Update).

The cost of this detection is directly related to the distributed al-
gorithm message passing complexity. An optimal method like DisAC-9
has the lowest possible cost (see [7]).

7. Experiments

We have made experiments on an IBM sp2 supercomputer® (C++
language and MPI message passing library [15]). We have used two
algorithms against DisAC-9. First the sequential AC-6 to assess distri-
bution benefits. Then to strictly evaluate our message minimizing we
have built a modified version of our algorithm called DisAC-6* which
does not use our minimizing method:

— each deleted label (i, a) is selected for diffusion to acc if this agent
owns a variable j such that C;; exists

— sendSet are composed of (j,a) labels so reception of deletion mes-
sages is straight forward (linkedM|[j]la] < false and localList
inclusion).

This simplified implementation has a worst time complexity O(nd(n-+
d)) requiring n?d messages. Since all deleted labels are transmitted
to acquaintances, it also allows comparisons with previous works (see
section 3). Nevertheless, this new algorithm is local since transmissions
occur with respect to the CN. Moreover, it uses incremental compu-
tations. According to that, we think that DisAC-6 should outperform
previous works.

7.1. HARD RANDOM PROBLEMS

We have generated random problems with 90 variables, domains sizes
set to 20, and connectivity p; set to 0.2, 0.5 and 0.8. Tightness po
varies from 0.1 to 0.9 with a small increment on the phase transition
region [6]. For the distributed methods we set p=90 which is the finest
granularity in our framework since each agent owns one variable and
p=15 (each agent owns 6 variables). For each connectivity/tightness
pair we have generated 100 randoms instances.

3 Message passing latency is 35us, bandwidth is 90Mo/s, each CPU is a PowerPC
120Mhz.
4 DisAC-6 is the first distributed implementation of AC-6.
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Figure 2. Median time in seconds (the second figure si a zoomed view)
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Figure 3. Message passing and constraints checks
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We detail results with p; = 0.5. Figure 2 presents median time
in seconds for the three algorithms. These results show the efficiency
of DisAC-9. With 90 agents, our procedure complexity peak is 1.06
seconds, while DisAC-6 needs up to 22.23 seconds.

Figure 3, presents the amount of deletedLabels messages processed®
in the whole system. DisAC-9 process up to 2029 messages while the
second method process up to 32493 messages. Interestingly we can
observe that in DisAC-9 messages transmissions start at po = 0.5. Of
course this reduction has a cost in constraint checks (see figure 3), but
it is limited to 4.41 times.

AC-6 time peak is 0.6 second while DisAC-9 with 15 agents uses
up to 0.17 second. For p2 € {0.71,0.72,0.73}, even DisAC-9 with 90
agents is faster than AC-6.

Table III. Random problems computational time peaks

time #msg F#ccks

p1 0.2 0.5 0.8 0.2 0.5 0.8 0.2 0.5 0.8
DisAC-6 90 ag. 10.52s 22.23s - 13660.20 32493 - 206243 460272 -
DisAC-9 90 ag. 0.79s 1.06s 1.50s 1663 2029 2431 761619 2.03e6 3.50e6
ratio 13.23 21 - 8.20 16 - 0.27 0.23 -
AC-6 0.28s 0.6s 0.91s - - - 171370 344953 501970
DisAC-9 15 a. 0.09s 0.17s 0.25s  865.4 908.8 823.5 660964 1.69¢6 2.60e6
ratio 3.06 3.53  3.64 - - - 0.26 0.20 0.19

Table III presents computational time peaks for various connectivi-
ties. The first part of the table gives results with p = 90. For p; = 0.8
and py > 0.63, DisAC-6 exceeds sp2 message passing capacities®, so
comparisons are not available with this connectivity parameter.

Interestingly, savings are increasing with p;. Message passing is re-
duced up to 16 times, CPU time is reduced up to 21 times. DisAC-9
uses up to 4.41 times more checks to limit messages. We can explain this
limited overhead if we remark that useless messages induce local checks
for the receiver. These checks are used to update support information.

5 We focus on processed messages since when an agent is aware of the instance
inconsistency it stops the processing of messages. However when looking at the whole
amount of deletedLabels messages, the present analysis remains exact (see [7] for the
distinction between “processed” and “sent” messages).

8 Overflow in message buffering capacities.
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The second part of the table compares fifteen DisAC-9 agents against
AC-6. Again, speed-up increases with connectivity. It ranges from 3.06
to 3.64.

As shown in [13] discrete relaxation is P-complete. This avoid linear
speed-up but our results show that a controlled distributed behavior
can significantly enhance the processing of this problem.

7.2. THE ZEBRA PROBLEM

This usual benchmark has 25 variables, 5 labels per variable (n =
25,d = 5) and 61 binary constraints. In our experiments we have
tried p € {2, 3,4, 5,10,25} which brings 11,16,27,11,43,61 inter-agents
constraints. For each granularity we have made one hundred runs.

Table IV. The zebra problem

Algorithm p = 1 2 3 4 5 10 25
AC-6 time 0.004s - - - - - -
#msg - - - - - - -
F#ccks 1161 - - - - - -
DisAC-9 time - 0.0052s  0.07s  0.0104s 0.0102s 0.0176s 0.0524s
#msg - 6 17 21.18 19.3 43.56 64.02
#£ccks - 1463  1667.18 1815.58 1391.5 2444.58 3098.82
DisAC-6 time - 0.008s 0.0092s 0.0096s 0.011s 0.0328s 0.1616s
#msg - 8 34 44.42 36.84 135.4 321
F£ccks - 1248 1298.5 1290.06 1251.62 1347.24 1356

Table IV shows our results. Due to the small size of the problem,
distributed methods do not provide any speed-up over the central al-
gorithm. But speed-up is not our only goal since we try to propose
efficient methods for distributed problem solving. We can observe that
the methods are strongly dependent of the number of inter-agents
constraints. As expected, DisAC-9 is faster (more than 3 times) than
the other algorithm and particularly for finest granularities. Message
passing is reduced up to 5 times, checks are increased up to 2.28 times.

We can illustrate here the overhead implied by the distributed frame-
work. DisAC-6 with 2 agents uses on average 1248 constraint checks
while AC-6 uses 1161. This overhead comes from delayed informations
in the system (see [7]).
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7.3. THE PHASE TRANSITION OF DISTRIBUTED ARC-CONSISTENCY

Figure 2 shows some surprising new results. The time peaks of the
methods are not located at the same tightness value. For the sequential
AC-6, it occurs for po = 0.71, for the methods using 90 agents, the time
peak is located at po = 0.69 while with 15 agents, the peak occurs at
p2 = 0.7. Our data results show 0%, 11%, 88% and 100% of inconsistent
instances respectively at ps = 0.68, 0.69, 0.7 and 0.71.

n agents 1 agent

]
£
]
_/_/1<Ap<n
agents
— \\ tightness
100% consistent 50% consistent

Figure 4. DCSP AC complexities peaks characterization

To provide a general explanation of this phenomenon, let us consider
AC-6. Tt checks the set of arcs in a sequential way. So, if an instance
is inconsistent according to the last arc (i,7), the detection is very
expensive. While with our distributed methods using n agents, the two
agents respectively owning ¢ and j rapidly detect inconsistency and
immediately broadcast the end of the processing. With intermediate
granularities, the previous reasoning occurs. But since the methods
own several variables and consider their arcs successively, they are less
efficient for these detections.

We characterize these observations in figure 4. The sequential pro-
cessing peak is located (on average) at 50% of consistent instances
[6]. Distributed processing time peak (with p = n) appears with the
first inconsistent instances. Intermediate granularities peaks appear in
between.

The above explains why inconsistent instances are relatively easier

for distributed methods (see [7] for a comprehensive analysis). We can
now interrogate ourselves on the exploitation of this phenomenon. In
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the sequential framework, the understanding of phase transition was
used for at least three things. Firstly, it allows researchers to focus their
experiments on hard instances; secondly, it is now possible to predict
the complexity of a computation by considering some parameters of an
instance; finally, it gives raise to new algorithms capable of using some
knowledge on these computational cliffs [3, 12].

In the distributed framework, we think that the understanding of
phase transition could be even more fruitful. We showed here that
some seemingly innocuous changes to the problem granularity can have
drastic effects on the overall performance. An instance could meet a
computational peak at a particular solving granularity and avoid it by
using a different grain.

Our results suggest that a distributed system could use its knowl-
edge about the phase transition structure to dynamically rearrange the
distribution of subproblems. This reallocation could allow the system
to avoid time peaks. In order to use the system resources efficiently, this
structural transformation should be made before solving the problem.
A negotiation stage between agents could be used here.

8. Conclusion

We have provided DisAC-9, a coarsely grained distributed algorithm
performing the arc-filtering of binary constraint networks. Our method
is optimal in message passing operations which are critical in dis-
tributed systems. DisAC-9 allows efficient processing of DCSP and with
coarser granularity, it can speed-up the central AC-6.

Experiments were made on a state-of-the-art supercomputer. This
is not a common framework, particularly if we consider Internet appli-
cations for DCSPs. We choose this framework for testing DisAC-9 in
a hard way, on a computer with very fast communication. In a LAN,
observed speed-up are larger. The reason we found is that message pass-
ing performance decrease more rapidly with the amount of exchanged
messages.

Surprisingly, the experiments allow a characterization of compu-
tational peaks in distributed arc-consistency problems. The hardest
instances do not occur at the same value of tightness for CSP and for
DCSP. Inconsistent problems are relatively easier for distributed proce-
dures and the location of their time peaks depends of their granularities.
As far as we known this is the first identification of the special nature
of phase transition in DCSP. This behavior requires a full theoretical
study [7]. A possible consequence is to increase efficiency by changing
the granularity.
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As a practical extension of this work, we are combining it with a

distributed search procedure. Similar combinations have brought inter-
esting results in the centralized framework [19] and should be studied
for distributed CSPs. This cooperation may prune inconsistent parts of
a distributed search space and by the way could save critical message
passing operations.
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